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Abstract The graph partitioning problem is to partition the vertex set of a graph into a
number of nonempty subsets so that the total weight of edges connecting distinct subsets
is minimized. Previous research requires the input of cardinalities of subsets or the number
of subsets for equipartition. In this paper, the problem is formulated as a zero-one quadratic
programming problem without the input of cardinalities. We also present three equivalent
zero-one linear integer programming reformulations. Because of its importance in data biclu-
stering, the bipartite graph partitioning is also studied. Several new methods to determine the
number of subsets and the cardinalities are presented for practical applications. In addition,
hierarchy partitioning and partitioning of bipartite graphs without reordering one vertex set,
are studied.

Keywords Graph partitioning · Linear programming · Quadratic programming ·
Bipartite graph partitioning

1 Introduction

The graph partitioning problem is an NP-complete [12] combinatorial optimization problem,
and it partitions the vertex set of a graph into several disjoint subsets so that the sum of
weights of the edges between the disjoint subsets is minimized.

A very early method for graph partitioning is the Kernighan-Lin algorithm [18], which
is a heuristic algorithm. There are several surveys [1,7,11] regarding exact and heuristic
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algorithms for graph partitioning. Graph partitioning has been related to clustering [24],
which is a method of unsupervised classification used in data mining and image analysis.
Applications of graph partitioning can be found in VLSI design [16], biological or social
networks [9] and data mining [29].

Let G = (V, E) be an undirected graph with a set of vertices V = {v1, v2, . . . , vN } and a
set of edges E = {(vi , v j ) : edge between vertices vi and v j , 1 ≤ i, j ≤ N }, where N is the
number of vertices. The weights of the edges are given by a matrix W = (wi j )N×N , where
wi j (> 0) denotes the weight of edge (vi , v j ) and wi j = 0 if no edge (vi , v j ) exists between
vertices vi and v j . This matrix is symmetric for undirected graphs G and is the adjacency
matrix of G if wi j ∈ {0, 1}.

Let K be the number of disjoint sets that we want to partition V into, and n1, . . . , nK

be the numbers of vertices within each sets. The general graph partitioning problem can be
described as partitioning the vertex set V into K disjoint subsets so that the sum of weights
of edges that connect vertices among different subsets is minimized.

In previous research, the graph is partitioned into equal or different by 1 cardinalities
for all subsets either by linear programming [20] or semidefinite programming [17,20]. The
approaches by quadratic programming [13,14] and semidefinite programming [28] require
the given cardinalities n1, . . . , nK . For the special case of K = 2, it is a bipartition studied
by spectral methods [8] and quadratic programming [13]. However, these approaches are still
based on relaxations of exact formulations.

For large graphs, the multilevel and hierarchical methods are used for partitioning [15].
In addition, parallel formulation of graph partitioning [15] and parallel computation in opti-
mization [26,27] are useful for partitioning of large graphs with thousands of vertices and
edges. In this case, graph partitioning is a problem with very high dimensions, and several
approaches are presented in for parallel computing [26,27].

In this paper, the cardinalities for each subsets are not required and the number K (1 <

K < N ) of nonempty subsets is the only required information for possible equal or unequal
partitioning. The quadratic and linear programming models are constructed to solve this gen-
eral graph partitioning problem by algorithms based on the exact formulations. Although we
claim that the K should be considered as an input for general graph partitioning, we also
present the methods for determination of K , and the given cardinalities nk(k = 1, . . . , K )

with possible changes of level n̂k .
In addition, the bipartite graph G = (V, U, E), consists of two sets V, U of vertices

with all edges in E between vertices from different vertex sets. The weights of this graph
can be stored in a biadjacency weighted matrix. The bipartite graph partitioning problem
is to partition both V and U into K subsets, respectively. In data mining, biclustering is to
partition a data matrix in both rows and columns. The relationship between biclustering and
bipartite graph partitioning is studied in [8]. In this paper, the partitioning for bipartite graph
is also formulated as a quadratic and three linear programming models based on the results
for general graphs.

The rest of this paper is organized as follows: In Sect. 2, the constraints and objective
function are constructed; In Sect. 3, the quadratic programming models and their relaxations
are studied, and in addition, the quadratic models for bipartite graph partitioning are also pre-
sented; In Sect. 4, three linear programming approaches are introduced; In Sect. 5, several
cases, such as the determination of the number or cardinalities of subsets, hierarchy parti-
tioning and partitioning of bipartite graphs without reordering one vertex set, are presented;
In Sect. 6, numerical experiments for many graphs under different conditions are performed
after comparing these approaches; Sect. 7 concludes this paper.
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2 Preliminary

Based on the graph G = (V, E) described above, let xik be the decision variables denoting
that vertex vi belongs to kth subset if xik = 1, otherwise xik = 0. Let X be the matrix
X = (xik)N×K and the constraints for general graph partitioning problem are constructed as
follows:

(1) Exclusive constraints. Every vertex vi can only belong to exactly one subset of V , and
so every row sum of X is 1,

R =
{

xik ∈ RN×K :
K∑

k=1

xik = 1

}
. (1)

For i = 1, . . . , N , all vertices belong to some subsets, and we have partitioned the
vertex set into several subsets.

(2) Cardinality (size) constraints. Let the cardinality of the kth subset be nk = ∑N
i=1 xik .

In order to eliminate the case that all vertices belong to only one subset, every subset
should be nonempty (Sa). Some partitioning results require the order of subsets (Sb),
and MaxCard denotes the maximum size of each subset (Sc). The constraints Sc can
be considered as an equipartition if MaxCard is chosen as an average cardinality of
N/K . In the following models, we always choose the most general case Sa so that
the graph can be partitioned according to its structure. Since we have relaxed the size
constraints for graph partitioning, the term “general graph partitioning” is used in this
paper.

Sa =
{

xik ∈ RN×K : nk ≥ 1
}

, (2a)

Sb =
{

xik ∈ RN×K : n1 ≥ n2 ≥ · · · ≥ nk ≥ 1
}

, (2b)

Sc =
{

xik ∈ RN×K : nk ≤ MaxCard
}

. (2c)

(3) Anti-degeneracy constraints. The subset indexes of the vertices can be restricted that
the first vertex must belong to first subset, the second vertex must belong either to first
or to second subset, and continually, the kth vertex must belong to one of the first k
subsets.

D =
{

xik ∈ RN×K : xik = 0, i = 1, . . . K , k = i + 1, . . . , K
}

. (3)

With these constraints, the formulations are less degenerated because of the constraints
on permutations of vertex assignment.

(4) Binary constraints. Every xik indicates that vertex vi belongs to kth subset or not.

B =
{

xik ∈ RN×K : xik = 0 or 1
}

. (4)

(5) Nonnegative constraints. The binary constraints can be relaxed to nonnegative ones
which ensure the partitioning of G under some conditions.

P =
{

xik ∈ RN×K : xik ≥ 0
}

. (5)

The sum of weights of edges that connect vertices among different subsets is inter-
similarity, and correspondingly, the sum of weights of edges whose both ends belong to
same subset is intra-similarity. Thus, the sum of inter- and intra-similarities covering the
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weights of all edges is a constant once the weighted matrix W is known. Therefore, the
objective of minimizing the inter-similarity is equivalent to maximizing the intra-similarity.

If edge (vi , v j ) has two ends in the same subset, xik = x jk for all k = 1, . . . , K and
only one k exists such that xik = x jk = 1. Thus the intra-similarity can be expressed as∑

(vi ,v j )∈E
∑K

k=1 wi j xik x jk or

1

2

N∑
i=1

N∑
j=1

K∑
k=1

wi j xik x jk = 1

2
trace(X T W X), (6)

since wi j = 0 if no edge between vertices vi and v j and wi j = w j i for the same edges
(vi , v j ) and (v j , vi ). Then, the inter-similarity is 1

2 (eT W e − trace(X T W X)), where eT W e
is the total weights of all edges and e is a vector of all elements being 1.

3 Quadratic programming approaches

From (6), the objective function can be expressed in the form max 1
2 trace(X T W X). As

descriptions above, the constraints (1) and (4) are prerequisite for graph partitioning problem.
In our general case, the constraints (2a) are chosen so that the requirement of the cardinality
of each subset is not necessarily to be given.

3.1 Quadratic programming models and relaxations

The problem can be formulated as a zero-one quadratic program as follows.

max
1

2
trace(X T W X)

s.t. xik ∈ R ∩ Sa,

xik ∈ B, i = 1, . . . , N , k = 1, . . . , K .

(7)

The objective in (7) is not standard in a quadratic programming. Denoting X =
(xi j )N×K = (x1, . . . , xk, . . . , xK ), where xks are column vectors, X̂ = (xT

1 , xT
2 , . . . , xT

K )T ,
and

Ŵ =

⎛
⎜⎜⎜⎝

W 0 0 · · · 0
0 W 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · W

⎞
⎟⎟⎟⎠ ,

with dimension (NK) × (NK), where 0 is a matrix with all elements being 0 with proper
dimension, the standard formulation for the objective in (7) is

1

2
trace(X T W X) = 1

2

K∑
k=1

xT
k W xk = 1

2
X̂ T Ŵ X̂ . (8)

Usually, the constrains D in (3) are added to reduce the degeneracy, and (2c) are added as
a requirement of loose cardinalities, where MaxCard can be chosen loosely (for example,
MaxCard = N/(K − 1)). Let D = (di j )N×N be a diagonal matrix. By properly choosing
the elements dii , the binary constraints (4) can be relaxed to nonnegative ones (5) by the fol-
lowing Theorem 1 and for the proof details, we refer to [13]. Thus, the following continuous
formulation can be obtained.
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max
1

2
trace(X T (W + D)X)

s.t. xik ∈ R ∩ Sa,

xik ∈ P, i = 1, . . . , N , k = 1, . . . , K .

(9)

Theorem 1 (Theorem 6.1, [13]) If D is chosen to satisfy dii + d j j ≥ 2ai j for each i and j ,
then the continuous problem (9) has a maximizer contained in B, and hence, this maximizer
is a solution of the discrete problem (7). Conversely, every solution to (7) is also a solution
to (9). Moreover, if dii + d j j > 2wi j for each i and j , then every local maximizer for (9) lies
in B.

There are many approaches for solving (7), including heuristic and exact optimization
ones as reviewed in the paper [25] by Sherali and Smith. The heursitc approaches include
the rank-two relaxation by Burer et al. [3], the evolutionary procedure by Lodi et al. [21] and
the Tabu Search algorithm by Kochenberger et al. [19]. The exact optimization approaches
include the branch-and-bound algorithm by Pardalos and Rodgers [23], and the Lagrang-
ian decomposition algorithm by Chardaire and Sutter [5]. The most recent survey including
heuristic and exact optimization approaches can be found for a similar quadratic assignment
problem in [22] by Loiola et al. In this paper, CPLEX 11.0 is used to solve the zero-one
quadratic programming problem, and CPLEX uses multiple types of most recent algorithms
[6].

3.2 Quadratic approaches for bipartite graphs

Let G = (V, U, E) be a bipartite graph with vertex sets V = {v1, . . . , vN }, U =
{u1, . . . , uM } and edge set E = {(vi , u j ) : edge between vertices vi and u j , 1 ≤ i ≤
N , 1 ≤ j ≤ M}, where N and M are the numbers of vertices within two sets, respectively.
Usually, instead of weighted matrix, the biadjacency weighted matrix A = (ai j )N×M is given
where ai, j is the weight of edge (vi , u j ), and its corresponding weighted matrix W for G
can be constructed as

W =
(

0 A
AT 0

)
.

By the weighted matrix W and considering V ∪U as the vertex set, the previous formula-
tions can be used. However, some problems (e.g., biclustering, [8]) based on bipartite graph
models require partitioning of both vertex set V and U into K disjoint subsets so that the kth
subsets of V and also of U as a whole subset. The sum of weights of edges among the union
subsets has to be minimized.

Denoting X =
(

Xv

Xu

)
, where Xv = (xv

ik)N×K and Xu = (xu
jk)M×K are indicators for

vertices from V and U , respectively, the equivalent objective can be expressed as

max
1

2
trace(X T W X) = max trace(X T

v AXu). (10)

The constraints for Xv are still the ones (1), (2a) and (4), while the index should be changed
to j = 1, . . . , M instead of i = 1, . . . , N for Xu . Let R′, S ′

a and B′ be the constraints for
Xu with changed indexes. The zero-one quadratic program can be formulated as
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max trace(X T
v AXu)

s.t. xv
ik ∈ R ∩ Sa ∩ B,

xu
jk ∈ R′ ∩ S ′

a ∩ B′,
i = 1, . . . , N , j = 1, . . . , M, k = 1, . . . , K .

(11)

Theorem 1 still holds in this case by considering Xv and Xu as submatrices of X , and W
is also symmetric. A continuous case of program (11) can be obtained by changing B, B′ to
P, P ′ by constructing a diagonal matrix D of dimension (N + M)× (N + M). In addition,
the anti-degeneracy constraints D can only be put on one of Xv and Xu for bipartite graphs.

4 Linear programming approaches

4.1 Direct linear programming models

The objective function (6) is nonlinear. Here, two approaches, similarly as presented in [2],
are used to transform this nonlinear objective into a linear one.

Let yi jk denote indicator that edge (i, j) with two ends i, j belong to subset k if yi jk = 1
or not if yi jk = 0. Thus yi jk = xik x jk, i, j = 1, . . . , N , k = 1, . . . , K . The linearization is
as follows

yi jk ≤ xik, yi jk ≤ x jk, yi jk ≥ xik + x jk − 1 and yi jk ≥ 0.

Since yi jk is in the objective to maximize, the constraints yi jk ≥ 0 can be eliminated for
wi j ≥ 0. The linear programming formation for general graph partitioning problem is

max
1

2

N∑
i=1

N∑
j=1

K∑
k=1

wi j yi jk

s.t. xik ∈ R ∩ Sa ∩ B,⎧⎨
⎩

yi jk ≤ xik,

yi jk ≤ x jk,

yi jk ≥ xik + x jk − 1,

i, j = 1, . . . , N , k = 1, . . . , K .

(12)

The linearized formulation (12) introduces K more variables and 3K more constraints for
each edge comparing with the original one (7). Let zi j be a binary variable such that zi j = 1
if the vertices vi , v j of edge (vi , v j ) belongs to the same subset and 0 otherwise. Thus
zi j = ∑K

k=1 xik x jk and zi j = 1 if and only if for some k such that xik = x jk = 1 and all
others xik′ = x jk′ = 0. The linearization of zi j = ∑K

k=1 xik x jk can be formulated as

zi j ≤ 1 + xik − x jk, zi j ≤ 1 − xik + x jk,
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for all i, j, k and all other requirements of this formulations are eliminated for the objective
to be maximized. Therefore, we obtain another linear programming formulation as

max
1

2

N∑
i=1

N∑
j=1

wi j zi j

s.t. xik ∈ R ∩ Sa ∩ B,{
zi j ≤ 1 + xik − x jk,

zi j ≤ 1 − xik + x jk,

i, j = 1, . . . , N , k = 1, . . . , K .

(13)

In practice, the anti-degeneracy constraints D and the cardinality constraints Sc can be
added to both programs (12) and (13).

4.2 An equivalent linear programming approach

The Laplacian matrix for G = (V, E) with W is defined as L = diag(
∑

j w1 j , . . . ,∑
j wN j )−W . As described in (6) and (8), the objective for partitioning the graph G can also

be expressed as 1
2 trace(X T L X), and the equivalent quadratic programming formulation is

min
1

2
trace(X T L X)

s.t. xik ∈ R ∩ Sa ∩ B,

i = 1, . . . , N , k = 1, . . . , K .

(14)

By the methods proposed in [4] and [25], defining S = (sik)N×K = (s1, . . . , sK ), T =
(tik)N×K = (t1, . . . , tK ), where sk, tk are column vectors, the equivalent linear programming
formulation is

min eT Se

s.t. xik ∈ R ∩ Sa ∩ B,

Lxk − tk − sk + Ce = 0,

tk ≤ 2C(e − xk),

tik, sik ∈ P,

i = 1, . . . , N , k = 1, . . . , K .

(15)

where the constant C = 2 maxN
i=1

∑N
j=1 wi j .

From the methods in [4], the formulation (15) is equivalent to (14) after subtracting a
constant in the objective of (15) by the following theorem.

Theorem 2 Formulations (14) and (15) are equivalent.

Proof Let X0 be an optimal solution of the formulation (14). We claim that there exist
T, S(tik ≥ 0, sik ≥ 0) for all i, k such that

Lx0
k − tk − sk + Ce = 0, (16)

t T
k x0

k = 0. (17)

The constraints tk ≤ 2C(e − x0
k ) in (15) is equivalent to (17) since x0

ik is binary and C is a
positive constant. In the following, we use (17) to prove the equivalence.
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Since C = 2 maxN
i=1

∑N
j=1 wi j = ‖L‖∞, Lxk+Ce ≥ 0, and there always exist T, S(tik ≥

0, sik ≥ 0) for all i, k such that both (16) and (17) hold. The claim is proved.
The variables S, T can be chosen as S0, T 0 satisfying (16) and (17) so that eT Se, the sum

of sik for all i, k, is minimized. We claim that (X0, S0, T 0) is an optimal solution for the
formulation (15).

Multiplying (16) by (x0
k )T , we have

(
x0

k

)T
Lx0

k − (
x0

k

)T
sk + (

x0
k

)T
Ce = 0, (18)

by considering (17). Taking the sum over all k = 1, . . . , K , and considering trace(X T L X) =∑K
k=1 xT

k Lxk , we obtain

trace((X0)T L X0) −
K∑

k=1

(
x0

k

)T
s0

k +
K∑

k=1

(
x0

k

)T
Ce = 0. (19)

In addition,
∑K

k=1(x0
k )T Ce = eT Ce = C · N is a constant since xik ∈ R in both (14) and

(15). The equation

(x0
k )T s0

k = eT s0
k , (20)

for k = 1, . . . , K can be proved by contradiction. Assume that for some i , we have x0
ik = 0

and s0
k > 0, where T 0, S0 are chosen to minimized eT Se. Defining the vectors t̃k, s̃k and

corresponding T̃ , S̃ such that t̃ik = t̃0
ik + s̃0

ik, s̃ik = 0 for j 
= i, t̃ jk = t jk, s̃ jk = s jk , in this
case, (X0, T̃ , S̃) satisfies (16) and (17), and eT S̃e < eT Se, a contradiction to the assump-
tion that (X0, S0, T 0) is optimal. Thus (x0

k )T s0
k = eT s0

k holds for all k = 1, . . . , K and∑K
k=1(x0

k )T s0
k = eT S0e, which leads (19) to

trace((X0)T L X0) = eT S0e − C · N .

We have finished the proof that an optimal solution X0 to (14) is also an optimal solution
to (15) by choosing S0, T 0 to minimize eT Se. On the other direction, the proof is similar. ��

From Theorem 2, the objectives of (15) and (12), (14) have the relation as follows,

eT S0e = trace((X0)T L X0) + C · N = −trace((X0)T W X0) + eT W e + C · N ,

where X0 is optimal for (14) and (X0, S0, T 0) is optimal for (15).
The programs obtained in (12), (13) and (15) are all binary linear programming. The most

widely used method for this kind of programming is branch and bound algorithm besides
heuristic approaches, and in CPLEX 11.0 [6], the combined heuristic and exact methods are
used.

4.3 Linear approaches for bipartite graphs

In Eq. (10), the objective for partitioning bipartite graph G = (V, U, E) with weighted
biadjacency matrix A is

max trace(X T
v AXu) = max

N∑
i=1

M∑
j=1

K∑
k=1

ai j xv
ik xu

jk .

123



J Glob Optim (2010) 48:57–71 65

Similarly, defining yi jk = xv
ik xu

jk , the linear programming formulation for partitioning bipar-
tite graph is as follows,

max
N∑

i=1

M∑
j=1

K∑
k=1

ai j yi jk

s.t. xv
ik ∈ R ∩ Sa ∩ B,

xu
jk ∈ R′ ∩ S ′

a ∩ B′,⎧⎨
⎩

yi jk ≤ xv
ik,

yi jk ≤ xu
jk,

yi jk ≥ xv
ik + xu

jk − 1,

i = 1, . . . N , j = 1, . . . M, k = 1, . . . , K .

(21)

This formulation (21) introduces K more variables and 3K more constraints for each
edge comparing with the original formulation (11). As in the formulation (13), defining
zi j = ∑K

k=1 xv
ik xu

jk , another linear programming formulation with less variables and con-
straints is obtained in the following.

max
N∑

i=1

M∑
j=1

ai j zi j

s.t. xv
ik ∈ R ∩ Sa ∩ B,

xu
jk ∈ R′ ∩ S ′

a ∩ B′,{
zi j ≤ 1 + xv

ik − xu
jk

zi j ≤ 1 − xv
ik + xu

jk

i = 1, . . . N , j = 1, . . . M, k = 1, . . . , K .

(22)

As in (15), defining Xv = (xv
ik)N×K = (xv

1 , . . . , xv
K ), Xu = (xu

jk)M×K = (xu
1 , . . . , xu

K ),
Sv = (sv

ik)N×K = (sv
1 , . . . , sv

K ), Su = (su
jk)M×K = (su

1 , . . . , su
K ), Tv = (tvik)N×K =

(tv1 , . . . , tvK ), Tu = (tu
jk)M×K = (tu

1 , . . . , tu
K ) and Dv = diag(. . . ,

∑M
j=1 ai j , . . .), Du =

diag(. . . ,
∑N

i=1 ai j , . . .), the linear programming formulation for bipartite graph G =
(V, U, E) with matrix A is

min eT Sve + eT Sue

s.t. xv
ik ∈ R ∩ Sa ∩ B,

xu
jk ∈ R′ ∩ S ′

a ∩ B′,
Dvxv

k − Axu
k − tvk − sv

k + Ce = 0,

Du xu
k − AT xv

k − tu
k − su

k + Ce = 0,

tvk ≤ 2C(e − xv
k ),

tu
k ≤ 2C(e − xu

k ),

tvik, sv
ik ∈ P,

tu
jk, su

jk ∈ P ′,
i = 1, . . . , N , j = 1, . . . , M, k = 1, . . . , K .

(23)

123



66 J Glob Optim (2010) 48:57–71

where the constant C = max{maxi 2
∑

j ai j , max j 2
∑

i ai j }. The equivalence of (23) with
original quadratic formulation for bipartite graph can be proved by similar methods in
Theorem 2.

The constraints D can also be added to formulations (21), (22) and (23) to reduce the
degeneracy on Xv .

5 Several cases of graph partitioning problem

5.1 Determination of the number K of subsects

For controlling the cardinalities of subsets of V , the constraints Sa, Sb, Sc by notation
nk = ∑N

i=1 xik are chosen under different situations. These constraints can be named non-
empty constraints, order constraints and maximal cardinality constraints, respectively.

In previous research [13,17], either n1, . . . , nK are given or the equal partition with given
K . In this paper, previous formulations require the input of K . However, the determination
to input which K ∈ {2, 3, . . . , N − 1} is still open. This section will present one method for
determining K .

Let ck be a binary variable such that ck = 1 if the kth subset of V is nonempty, and ck = 0
otherwise. Thus the cardinality constraints can be expressed as

Sd =
{

xik ∈ RN×K : nk ≥ ck

}
. (24)

The term ±∑K
k=1 ck can be added to the objective function (add “+” when the original objec-

tive is to minimize, and “−” otherwise), in order to require the minimum possible number
of subsets, by forcing some of the K clusters to be empty. Thus, K can be chosen as N − 1
generally. When the constraints Sd is chosen to control the nonempty subsets, the maximal
cardinality constraints Sc must be chosen at the same time, and nonempty constraints Sa

cannot be chosen.
Determination of K has been discussed above to conquer the case of unknown num-

ber for the subsets in above. In the following, another method is presented for solving the
general graph partitioning problem with the given cardinalities n1, . . . , nK but with some
unknown changes. This will be an improvement of [13,14] and [28], which require only the
exact cardinalities. Assume the cardinality of the kth subset changes over the integer interval
[nk − n̂k, nk + n̂k], where n̂k ≥ 0 is an integer of the largest possible changes. The uncertainty
can be fixed by robust optimization [10]. Here, a direct method is proposed.

From the constraint R, we have

K∑
k=1

(
N∑

i=1

xik

)
=

N∑
i=1

(
K∑

k=1

xik

)
=

N∑
i=1

1 = N ,

which guarantees that for any cardinality of each subset, the partitioning satisfies that all these
N vertices should have their corresponding subsets. Therefore, the cardinality constraints,
for given n1, . . . , nk with uncertain levels n̂1, . . . , n̂K , respectively, can be established as

Se =
{

xik ∈ RN×K : nk − n̂k ≤
N∑

i=1

xik ≤ nk + n̂k, k = 1, . . . , K

}
. (25)

In practice, nk can be chosen as average cardinality for equipartition and n̂k as a small
number, to obtain a balanced partition.
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5.2 Hierarchy graph partitioning

As pointed in Sect. 1, multilevel and hierarchical methods are used for large graphs. In
Sect. 6, the implementations on CPLEX shows that the case K = 2 or K = 3 is very fast
under the implementation of CPLEX. The hierarchy graph partitioning approach can be based
on K = 2 or K = 3. At each level, after partitioning the vertex set into K subsets, the next
partitioning can be computed on each subsets, and we can repeat these steps until we obtain
the required number of subsets or structures.

5.3 Partitioning of bipartite graphs without reordering one vertex set

As mentioned above, the data matrix A = (ai j )N×M is corresponding to the bipartite graph
G = (V, U, E) in Sect. 3.2. For the time series data matrix A = (ait )N×T where index i
corresponds to some objects and t = 1, . . . , T to time points. In the partitioning process, the
order of these time points should not be changed.

In order to include this condition, for any vertex ut ∈ U , if it is partitioned into sub-
set k, the next time point ut+1 ∈ U should be in the same subset k or next subset k + 1.
Mathematically, if xu

11 = 1, xu
t+1,k = 1 or xu

t+1,k+1 = 1 must satisfy. Equivalently,

xu
t+1,k + xu

t+1,k+1 ≥ xu
tk, t = 1, . . . , T − 1, k = 1, . . . , K − 1, (26)

since all these variables are binary. In addition, for the last subset, another constraint

xu
t+1,K ≥ xu

t K , t = 1, . . . , T − 1, (27)

should be added.
The constraints (26) and (27) can be added to any formulations (11), (21) or (22) to obtain

the partitioning for bipartite graphs with one dimension as the type of time series.

6 Numerical experiments

6.1 Comparisons of two approaches

For the graph G = (V, E) with N vertices and |E | edges, the discrete quadratic program-
ming (DQ) formulation(7), and the linear programming formulations L1 (12), L2 (13) and
L3 (15) are compared in Table 1. The number of constraints for R is N while for Sa is K .
For L3(15), the number of nonnegative constraints for S, T is not added.

From Table 1, the linear formulations introduce variables and constraints to eliminate
quadratic variables in the objective, and the formulation (13) has less variables and con-
straints. The numbers of continuous variables and constraints in the formulations L1 and

Table 1 Comparisons of discrete programs

Formulation Objective No. 0–1 decisions No. cont. variables No. constraints

DQ (7) Quadratic N · K 0 N + K

L1 (12) Linear N · K |E | · K N + K + 3K · |E |
L2 (13) Linear N · K |E | N + K + 2K · |E |
L3 (15) Linear N · K 2N · K N + K + 2N · K
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Fig. 1 An example for checking

L2 are related to the number of edges, while the number in formulation L3 is related to the
number of vertices. Generally, L1 and L2 can be used for spare weighted matrix W . The
cases for bipartite graph partitioning can be analyzed similarly.

6.2 Computational results

In this section, all programs are implemented using CPLEX 11.0 [6] via ILOG Concert Tech-
nology 2.5, and all computations are performed on a SUN UltraSpace- III with a 900 MHz
processor and 2.0 GB RAM. Computational times are reported in CPU seconds.

Before comparing these different approaches, one example data set1 from biological net-
work (Fig. 1) is used to checking the models. Under these models, we can partitioning the
vertices into connect components if the given K is the number of components. This graph

1 http://biit.cs.ut.ee/graphweb/exampleInput/Cattle_protein_interactions_(IntAct).txt.
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Table 2 Comparisons for general graphs

Graphs Vertices N Edges |E | Subsets K L1 L2 L3 DQ

Rand10 10 23 2 0.03 0.02 0.02 0.02

3 2.01 0.27 0.03 0.08

4 3.79 0.73 0.25 0.3

Rand20 20 98 2 4.9 0.24 0.06 0.03

Rand40 40 379 2 12.29 5.44 0.15 0.05

Rand100 100 2453 2 3456.69 2796.04 2.17 0.52

Table 3 Comparisons for bipartite graphs

Graphs Vertices (N , M) Edges |E | K BL1 BL2 BL3 BDQ

Rand10,10 (10,10) 48 2 0.4 0.22 0.22 0.11

3 37 4.15 21.75 28.54

4 373.87 33.51 371.53 1432.63

Rand5,15 (5,15) 40 2 0.38 0.16 0.21 0.1

3 4.35 0.79 1.64 6.91

5 0.02 0.05 0.03 0.01

Rand20,20 (20,20) 189 2 40.4 3.55 2.1 1.07

(Fig. 1) includes 37 connected components, and the inter-similarity among these compo-
nents is 0. Our models for this graph with more than 600 edges works well, and by L2((13))
formulation, it took about 1300 s in CPLEX.

6.2.1 Graph G = (V, E)

In Table 2, discrete quadratic and three linear programming approaches are compared. The
graphs are randomly generated in C++ with all weights being nonnegative. The gap is default
in CPLEX and all approaches obtain the same optimal results. Under the cases of these
graphs, the discrete quadratic formulation has the fast computation and the linear formu-
lation (15) is the fastest one among three linear formulations though it has the most vari-
ables.

6.2.2 Bipartite graph G = (V, U, E)

For the case of bipartite graphs, the matrix A is also randomly generated with weights
being nonnegative. The gap is default in CPLEX and all approaches obtain the same optimal
results. Table 3 shows the time comparisons for discrete quadratic programming formulation
BDQ(11) and three linear programming formulations, BL1(21), BL2(22) and BL3(23). The
results show that the linear program (22), which has the fewest variables among three linear
programs, is the most efficient one, and it is also better than quadratic formulations for these
generated graphs.
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7 Conclusion

In this paper, a zero-one quadratic programming formulation is used to model the general
graph partitioning problem, and continuous quadratic programming formulation is also used.
Two linear programming approaches can be derived from the zero-one quadratic program-
ming, and another linear approach with introducing some variables in a different way is also
presented. Several cases, such as determination of the number and cardinalities of subsets,
hierarchy partitioning and partitioning of bipartite graphs without reordering one vertex set,
are proposed. We have implemented the algorithms of these formulations for different graphs
or networks and compared the time complexity.

Several formulations and their relaxations to continuous forms may work for different
graphs, and choosing which of them to use for a given graph is still in discussion. The time
series data A = (ait )N×T is always random, such as stock market, and the stochastic pro-
gramming may work in this situation. In addition, for the computational complexity of large
graphs, the parallel computing may be useful and algorithms should be designed in such
occasion for graph partitioning.
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